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Abstract: Special functions are crucial in defining the concept of fractional calculus. Over the years, numerous
extensions and generalizations of the special functions were explored by many researchers. This paper presents a
generalization of the extended beta function in [1]. Some integral representations of the generalized extended beta
functions, properties and Mellin transforms were also investigated. Moreover, the generalized Gauss, Appel and
Lauricella hypergeometric functions, Riemann-Liouville fractional derivative operator and the generalized extended
beta distribution were also discussed.
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Introduction

The classical gamma and beta functions are defined as

I'(r)= [, tr~te tdt (1.1)
and
B(r,s) = % = [} 11 - £)stdt 12)

Equation (1.1) was first extended by Chaudhry et al [2] in 1994 as
L,(r) = fo t"texp (—t - %) dt, Re(p) =20, Re(r)=0 (1.3)

And (1.2) to (1.4) by the same authors [2] in 1997 as

1, . -
By(r,s) = [yt * (1 —t)*exp (_t(lp—t)) dt,Re(p) =0 (1.4)

In 2011, Lee et al [8] considered the generalisation of the above extended beta function and defined the generalised
extended beta function as

B(r,s;p;m) = fol t" 11 —t)Stexp (—L) dt, Re(p) > 0,m >0 (1.5)

tM(1—£)™m

Ozergin in 2011, extended the beta function using the confluent hypergeometric function (see for example [7]) and
defined the new extended beta function as

’ 1 - - _P
Bzg“ Ar,s) = Lt A -0 R (%ﬂ;m) dt, (1.6)
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where Re(p) > 0, Re(a) >0, Re(f)>0and

) =y (@nzt
1Fi(a,B;z) = n=0py i (L.7)

In the same year, Lee et al [8] generalised the extended beta function given in (1.6) and defined the new generalised
extended beta function as

BYF ™ (r,s) = [ A - 51 1Ry (a, ﬁ;tm(z—ft)m) dt, 1.8)
Re(p) >0, min{Re(r),Re(s),Re(a),Re(B)}> 0and Re(m) >0

Putting m = 1 in (1.8) reduces to (1.0).

In 2018, Shadab et al [9] introduced an extended beta function using 1 parameter Mittag-Leffler function

E, (— L ) and defined the new extended beta function as
t(1-t)

_ 1 -1 -1 14
BE(r,s) = [ tr1(1 - )" ' E, (—t(l_t)) dt 1.9)
Re(r) > 0,Re(s) > 0 and E,(z) = §=0F(;:+1) (1.10)
The above extension was generalized by Rahman [4] as
(a;m) — (Y41 -1 p
Bp (r,s) = fo t"Tr (1 -t E, (—m) dt (1.11)

Re(r) >0, Re(s) >0,Re(p) = 0,and a,m > 0.
Putting m = 1in (1.11) gives (1.9)
Parmar [6] gives further results on the extended beta function using modified Bessel function of order n + %

given by Chaudhry in [2] as a relationship between the extended beta function and the MacDonald function

and defined

2p 1 -3 _3
B, (r,s;p) = \/% Jo 2= 07K, (t(f’_t)) dt (1.12)

Re(r) > 0, Re(s) >0,Re(p) > 0 and

2p  _ (22) "™ r(n+m+1)
Kn%(z) :\/;e Z Y=o —_— (1.13)

m! TI'(n—-m+1)

A generalized extension of the beta function in [6] was proposed in [10]
o _ 21 2 s=3 4
Bn(T,S, p; m) = \];fo t 2(1 - t) 2Kn+% (m) dt (114)

Re(r) > 0, Re(s) >0,Re(p) > 0 and Re(m) > 0.

When m = 1, equation (1.14) reduces to the extended beta function defined in [6].

The second part of this paper will further generalise the generalised extended beta function in [10].
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2. Main Work

We now introduce the new generalised extended beta function as

Barsipirim = 2[00 - 05K, () de e
Re(r) >0, Re(s) > 0, Re(p) >0,Re(y) > 0, and Re(n) > 0.
Remark:
1) When y = 1, equation (2.1) reduces to the generalised extended beta function defined in [10].
2) Fory =n =1, (2.1) gives the extended beta function in [2, 6].

Integral Representations of the New Generalised Extended Beta Function B, (7, s; p; ¥; 1)

Theorem 1: The following integral representations holds true:

B,(r,s;p;7;1m) = Z\F;p JEcos?™ 2 6sin*"2 0K 1(psec? 6 csc* 6)do 2.2)
2

3
2p 0 u' 2 p(1+uw)Y*1
Bu(r,s;p5v;m) = /;fo WKM% [u—y] du 2.3)
—r—s |2p (1 _3 _3 2V+1p
Ba(rsipivim = 227775 |22 (040 21— w) oK, 1 () du @4

Proof
To prove equation (2.2), (2.3) and (2.4), the transformations t = cos? 6 ,t = ﬁand t= uzj are to

be used respectively.

Theorem 2:
5 v+
2p o x 2 p(1+x)
B,(r,s;pv5m) = /;fo WKM% [x—n] dx (2.5)
oox 2+x 2 p(1+x)Y*1
Bp(r,s;psvim) = / 0 Tyt Knel [x—y] dx 2.6)
Proof

dx,t =0:x > ocandt =0:x =0

. 1 .
Inserting t = ——in .1),dt = Tox )2

3
,Zp © X2 p(1+x)v*"
Bn(r,s;p;v5m) = ?-fo A+ x0T Kn_'_%[ p dx

On using the symmetric property of beta function, equation (2.5) is obtained.
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From (2.5),
B,(r,s; ) = (1 o dx
pivin (1 + x)r+s 1 xM
p(l + x)V+’7
(1 + x)T+S 1 K
From the second part of the above equation, putx = l dx = —at —x=1lt=1landx - 0:t=0

t’ t2°

2p (o xs_% (1+x)7+'7 P(1+ )y+71 —dt
21 g K [P e =
T (14+x)T+s—1 7 n+> 1 (1+ )r+s 1 n+— ()n t2
[p(1+t)7+7l]d
0 (1+t)7‘+$ -1 n+% tY X

Putting (2.6) in (2.5), we get the desired result.

Theorem 3 The following integral representations also holds true:

3
R /Zp o x2 p(u+Ax)V+N
By(r,s;p;v5m) =4 zu” 2 ?fo WKn"'% [W] dx 2.7

1 1 T in25—2 2r-2 2 +
r—= §—= ’Zp - sin 6 cos Z] (p(u+/1 tan® 0)Y ’7)
"V = 2 2 |— |2 Y
Bn (Tl S; p' yl 77) 2/1 l’l T fo (Asinz O+u cos2 9)T+S—1 Kn+% AY tan2Y Qun de (28)
Proof

Puttingle%tin 2.5),dx =§dt,x —0:t=0andx — o0t > o

3
2 GO p(1+507*7]
By(r,s;p;vim) = | — K —dt
(TS v m) - fo 1+ 20+ n+i Eor  |u
u u

On rearranging and simplifying the above equation, we obtain the desired result.

To prove (2.8), put x = tan? 6 in (2.7),

dx=2tan956029d9,x=0:9:0andx—>00:9:§

; n* 3¢9 + Atan? 9)Y*n
Bu(r,s;p;vim) = A7 2#5—— f K [p(,u ) ] 2tansec?6do

@ tan2 0+ p)rts-t nt; AY u" tan?v 6

On simplifying the above equation, we obtain the desired result.

Theorem 4:

3 3
ey — 35—, T2 [2p (1 _x"2(1-%)""2 plA+(u=)x]¥*1
Ba(r,sipsyim) = 2722 [0 [A+(u—1)x]r+s-1Kn+§[(ux)V[A(l—x)]"]dx 29)
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3 3
r— x"2(1-%)""2 plut+(1-x)a]V+n
B (r S p: )/J 7]) - 2(.“ + T) \/7 0 [A+(/" A)x T+S 1 Kn+% I:(#x)Y(ﬂ+o.)n(1_x)n] dx (210)
Proof
(2.9) can be obtained by using the transformation i —==A1—pin 2.1).

Inserting A — p = ain (2.9) gives (2.10).

Theorem 5: The following integral representations hold true:
e — 1 2p (1 r-3 s> pA-pw¥*n
B,(r,s;p;v5m) = W\/;fo (x—w) 2(A—x) anJ% (m) dx 211

1 _3 _3 2V+ip o [x
J,A+x0"72(1-x)° 2Kn+% (m) dx = 2"*S Z\EBn(r, S,0;7;M) (2.12)
Proof

Using the transformation t = x_;uin (2.1),dt = deﬂ,t =0:x=ut=1:x=A2Aand

A-u A
2p Ax— N5 A —x & 4 =
A f (A “) (A—u) Kt (ﬂ)v (z;x)n A-u

A—u A—u

On simplifying the right-hand side of the above equation, we get the desired result.
Substituting A = land g = —1in (2.11) gives (2.12).
3. The Generalized Extended Hypergeometric Functions

Definition: The generalized extended Gauss hypergeometric function is defined as

0 B‘Il(‘l9 +n119 - ;p;%n) tn
2F1(91, 92,9360, 7,m) = Zn=0(P1)n ;(192,;3_;2) .

3.1)

n!
Re(p) > 0,Re(n) = 0,Re(I3) > Re(I,) > 0and |t]| < 1.

Definition: The generalized extended Appel hypergeometric functions are defined as

F2(91,92,93,94; t1, t2; 07, 1) = Zpm=0(®2)n(03)nBn (91 + n+ m, 9, — 91505 v, 77) o 3.2

Re(p) > 0,Re(n) = 0,Re(Y,) > Re(91) > 0and |t;] < 1,[t,] < 1.

By (92 41,94 =02;0;¥,1) Bn (93 +m,95—93;0;7.1) t1™ £,
B(192,l94—192) B(ﬁg,ﬁs—ﬁ:;) n! m!

and F2(91,9,,93,94,9s; ty, t2; 0,7, 1) = Ynm=001)n+m
(3.3)

Re(p) > 0,Re(n) = 0,Re(Y,) > Re(9,) > 0,Re(I9s5) > Re(93) > 0and |t1| + [t,] < 1.
Definition: The generalized extended Lauricella hypergeometric function is defined as

F2(9,, 192'193'194'195; t, o, t5 057, M) = Znmik=002)n(93)n (Os)nBr (91 + u+ m + k, 95 —

ti "™

A )——— (34

m! k!
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Re(p) > 0,Re(n) = 0,Re(I9s) > Re(9,) > 0and |t;] < 1,]t;] < 1,[t5] < 1.

Theorem 6: The following integral representation holds true.

2p 1 1 191—§ 193_192_3 -9 b
F(91,92, 935t 05 v,m) = T B0, 0 =5, tz(1-1) 2(1-1,1)"1K (m) dt
’ 0

(3.5)

larg(1 —t;)| < m Re(p) >0,Re(n) =0,y,n > 0.

Proof

By using the relationship between beta function and hypergeometric function together with the well-known relation

-9 _ v " . .
—t, =y n : : .
(1-t1t) n=0(®) o We obtain the requited result (3.6)
Theorem 7: The following integral representation holds true.

F (91,95, 93,04; t, t = —p—fltﬁl 1— )% 751 = ty6)%2(1 —
1,VU2,U3,Us; U, 2:P:Vr77) T B(91,94—91) ( ) ( 1 ) (

-9
) K, (52 = t)n) dt (3.7)

Proof

Applying (2.1) in (3.3), we have

2 1 1.9
F(01,9,,93,94; t1, t2;0;7,1) = nm oﬁmf grrmme 2(1_

ti"tt
£y an+ + () dE @) (B3 27 (38)

I m!
On simplifying the right-hand side of the above equation, we get the required result.

Lemma: For a bounded sequence {f(§)}5=, of essentially arbitrary complex numbers, we have

© (tq+t ) ttt,m
Z5=0f(6) 15!2 Zn Ozm Of(tl + tZ) pyRers 3.9)
Theorem 8: The following integral representations hold true;
i 1 10,2 94=0p=3 02=2 1 _
F(191;192;193;194;195; t, 2037, 77) T 3(192 9,—05) B(93, 195 93) f f t (1 t) v 2(1
)% (1 — tty — vt,) 0 X

n+ (ty(lp—t)n) Kn+ (vV(l v)n) dtdv  (3.10)

Proof

Putting (2.1) in (3.3), we have
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1 -2
F (191: 192P193P194P 1951 tl: tZr pr V; n) = Zp an Ox {fo tﬁ2+n ( t)194 92~ ZK (ty(l t)n) dt} X
1 9,+n- 95—03— p } (‘9i)n+m ™
{fo v ( —v) 2Kn+§ (vV(l—v)’?) dv 3(32,34 _192)3(,93,195 _33) n! m! (3.11)

Interchanging the order of integration and summation in (3.11) gives

2p 1
F2(91,93,93,94,95; 1, t2;057,m) = —
(91,92,93,94,95; t1, t2; 05 ¥,1) nB(192,194—192)B(193,195—193)

! 9,—2 Oy—0y—> 9y—2 - p p
xfo fo t?2(1—-t) 2w 2(1—-v) 2K (—ty(1—t)n)Kn+ (—vV(1—v)n>

X < z (ﬁ1)n+m%(v:;!) )dtdv

n,m=0

Applying (3.9), we obtain the desired result.

Theorem 9: The following integral representation also holds

F3(91,9,,93,94,9s; ty, ta, t3; 05 7,1) =

3 3
2p 1 f1 t9172(1-p)%37 %172 (
T B(91,95-91) 70 (1-t1t)92(1-t,t)93 (1-t5t) %4

)dt (3.12)

tY(1-t)"
Proof

The proof of (3.12) is similar to that of (3.10)

4. Generalized Extended Riemann-Liouville Fractional Derivative

The classical Riemann-Liouville fractional detivative is defined as [14]

DUp(x) = St TG - 04 g )t @.1)

An extended Riemann-Liouville fractional derivative is given by [10]

npm(p(x) dxk{r(k a)ff ( )k “ 1(p(t)Kn+ (tm(l—t)m) dt} “4.2)

The generalize extended Riemann-Liouville fractional derivative is defined as

Dyt py @ (x) = dxk{r(k a)\/7f (=0 oK, 1 (ty(1 t)n)dt} 4.3)

Remark 4.1

1. Fory =, the generalized extended Riemann-Liouville fractional operator reduces to (4.2)
2. Wheny =n =1,n = 0and p — 0, the generalized extended Riemann-Liouville fractional
operator reduces to (4.1)

5. Mellin Transform

Theorem 10: The following relation holds:
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. j n . y—1 .. n-1
1 TUMIG=) Ly i+ M (s+nj+1 )

M{B(r,s,p;y,m):p = j} = 5— Ty (3.13)
Proof
The Mellin transform of a function f(x) is given by
M{f(x):x = j} = [, x/ 7 f(x)dx (3.14)

Applying the above the definition to (2.1), we have

M{B(r,s;p;v;m): p—>1}—f p’” 1\[7f E(1- )" (tV(lp— t)n)dtdp

f [ -n p +‘—1K 1(m1 t)n)dtdp

Using the transformation ¢ =

Ta-om we have

2 r1 it 3 iy 3 o jyio
_ \Efo Uty 2(1 _t)s+n(1+2) 2dt fo AL 1Kn+%(<p)d<p

2,1 iy 1 iyn_ 1 o 4l
=\Ef0 ¢TIt 1(1_t)s+771+2 B 1dtf0 (p”z 1Kn+%(<p)d<p

Applying (1.2), we have

2 FOr+yj+ 5D (s 40+ 55 oo j4ion
\/;F(T+S+(y+n)1+ ~(y+n- 2)f ¢ n+§((p)d(p

Using the relation M{K, (2):z — j} = 21'_2]"(% + g)]"(é — g),

The above integral can also be expressed as
o il -2, n, 1 j n
Jy o’ 1Kn+%(<ﬂ)d<ﬂ =2 rG+5+rG—>)
Since I'(M)I"(n +3) = 21~2/rl" (2n),

.3 . J.n . .
2722 T Dvmr2d+ -2

= T
r (E+E)

rg+mrd-2

j, n
r (E+E)

1 .
— Z_E_JX/E

Combining the two parts, we have

. -1 . -1
2 Tr+yj+5r(s+nj+12) j“’ M (o)
~ ¢’ TK L1()dg
7TI“(r+s+(y+17)j+%(y+n—2) 0 P
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rg+myrd-2

, -1 , -1

\/E F(r+yj+r(s+nj+15)
- 1

T (r+s+y+m)Jj+5(v+n-2)

1 .
27 I\m

rd+3
On simplifying the above equation, we get the desired result.

6. The Beta Distribution of the New Generalised Beta Function

2p 1 r=3 s=32 p
—t 1-t K ,0<t<1
F(t) = T Bu(7,5,p;v;M) ( )z n+§ (tV(l—t)’?) @1
0, elsewhere
If i is any real number, and p > 0, —00 <1 < 00,—00 <5 < 00; ¥, > 0.
The moment generating function of the distribution
w t i
M(t) = Zi=0§E(X‘)
_ yo Ba(rtispyin tf
= Zi=o Bn(r,sip;y;m) il 4.2)
Fori=1,
E(X) = Ba(r+1s:p5v:m) _ U (Mean) 4.3

Bn(7,5;0;7;m)

E(X?) — [EQOP = Ba(r+2,50;7;m)  [Ba(r + 1,50, 7:m)]?

Bu(r,s;p;7;m) [Bn(r, s3]
_ BUspiyim)B(r+2,5:0;y:m—B*(r+1,sp:y:m)
B2(r.5;p;¥:1)
= 02 (Variance) @.4)
The cumulative distribution of (3.1) is
F(X) = ZXS2Y) @.5)

B(7,5:0;¥:m)

Whete By (7, s; p; ¥; 1) is a new generalised incomplete beta function defined by;

Bx(r,s;p;v;m) = \/%fox r1 -0 Koyt (ty(lp_t),,) dt (4.6)
Conlusion
This research discuss the generalization of the generalized extended beta function
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